Transport enhancement and suppression in turbulent magnetic
  reconnection: A self-consistent turbulence model by Yokoi, Nobumitsu et al.
Phys. Plasmas 20, 122310 (2013); doi: 10.1063/1.4851976
Transport enhancement and suppression in turbulent magnetic reconnection:
A self-consistent turbulence model
N. Yokoi,1, a) K. Higashimori,2 and M. Hoshino2
1)Institute of Industrial Science, University of Tokyob)
2)Department of Earth and Planetary Science, University of Tokyo
(Dated: received 7 February 2013, accepted 29 November 2013)
Through the enhancement of transport, turbulence is expected to contribute to the fast reconnection. However
the effects of turbulence are not so straightforward. In addition to the enhancement of transport, turbulence
under some environment shows effects that suppress the transport. In the presence of turbulent cross helicity,
such a dynamic balance between the transport enhancement and suppression occurs. As this result of dynamic
balance, the region of effective enhanced magnetic diffusivity is confined to a narrow region, leading to the fast
reconnection. In order to confirm this idea, a self-consistent turbulence model for the magnetic reconnection
is proposed. With the aid of numerical simulations where turbulence effects are incorporated in a consistent
manner through the turbulence model, the dynamic balance in the turbulence magnetic reconnection is
confirmed.
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I. INTRODUCTION
The concept of magnetic reconnection is important to
understand a variety of plasma phenomena observed in
astrophysics, space physics, fusion plasma physics from a
unified viewpoint. Aurorae are believed to be related to
the magnetic reconnection in the Earth’s magnetosphere.
Extremely large amount of energy release in solar flare
is considered to be due to the reconnection. Several jets
ubiquitously observed in astrophysical objects may be
caused by the magnetic reconnection. Reconnection of
the magnetic field has also been proposed as a source of
the viscous dissipation in the accretion disk.
A steady state of magnetic reconnection was inves-
tigated by Sweet and Parker with the aid of a simple
magnetohydrodynamic (MHD) model.1,2 However, their
model was found to be not sufficient when it is applied
to solar flares. Most obvious problems in the theory of
magnetic reconnection have been how to realize a fast
reconnection and how to bridge the gap of scales. Since
then several researchers including Petschek have tackled
this fast magnetic reconnection mechanism.3 The recon-
nection rate or inflow Alfve´n Mach Number Min in the
Sweet–Parker mechanism is written as Mi ≡ Uin/VAin =
δ/L0 = Lu
−1/2, where Uin is the inflow speed, VAin
the inflow Alfve´n speed, δ the thickness of the diffu-
sion region, L0 the length scale of phenomena, Lu the
Lundquist number (the magnetic Reynolds number based
on the inflow Alfve´n speed). In the astrophysical and
space plasma situations, the Lundquist number is usu-
ally huge (Lu  106), so the reconnection rate becomes
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very small with the Sweet–Parker model. In other words,
magnetic reconnection model applied to the astrophysi-
cal and space plasma situations is too slow to explain the
real phenomena such as the solar flare. Another problem
is the gap of scales. In the solar flare case, the typi-
cal scale of phenomena is L0 ∼ 104 km. On the other
hand, the thickness of diffusion region or current sheet
is δ = ρi ∼ 10 m (ρi: ion-Lamor radius). This means
that the dynamics of very huge scale motions are deter-
mined by that of very small-scale behaviors of the mag-
netic field. In order to get a realistic view of the solar
flare phenomena, we need highly localized effective resis-
tivity, and also something that match this scale gap.
Several mechanisms that potentially elucidate the fast
and localized reconnection through the enhanced resis-
tivity have been investigated, which include the elec-
tron inertia,4 Hall effect,5,6 electron pressure,4,7 ambipo-
lar diffusion,8 kinetic effect,9,10 etc. Turbulence is also
considered as one of such effects. A prominent feature of
turbulence is multiple-scale interaction of motions. Due
to the nonlinear term in Navier–Stokes equation, the dy-
namics of motion represented by wave number mode k
is governed by its interaction with all the other scales of
motions. Another prominent feature is that turbulence
enhances transport of the system very much. The repre-
sentative effects are the eddy viscosity, eddy diffusivity,
turbulent magnetic diffusivity, etc. In the case of mag-
netic diffusivity, the molecular diffusivity η is enhanced
by turbulence as η → η + β, where β is the turbulent
magnetic diffusivity. The ratio of the turbulent to molec-
ular magnetic diffusivities is written as β/η ∼ Rm(T),
where Rm(T) is the turbulent magnetic Reynolds num-
ber. In astrophysical and space physics phenomena, the
magnetic Reynolds number is huge. So, the turbulent
counterpart is also expected to be very large. This means
that the effective magnetic diffusivity due to turbulence is
much larger than the molecular one (β  η). We should
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note that, in the context of mean-field magnetic recon-
nection, the large effective magnetic diffusivity does not
necessarily lead to the fast and enhanced reconnection.
This has been recently shown numerically with magne-
tohydrodynamic (MHD) turbulence model simulations.11
We will return to this point later in § V.C. If the magnetic
field structure is diffused everywhere by the enhanced
magnetic diffusivity, we just have diffusion or annihila-
tion of the oppositely directed magnetic field in a broad
region. There it is difficult to generate open fast recon-
nection jets from the mean magnetic field. In order to get
a fast reconnection, the region of high diffusivity should
be confined to a very small region.
Since turbulence is expected to play an important role
in enhancing the magnetic reconnection rate and also to
bridge the scale gap between the the dissipation scale and
the scale of phenomena,12,13 over the past few decades, a
considerable number of studies have been made on turbu-
lent reconnection. In the context of fast reconnection, we
should note that the magnetic reconnection rate is basi-
cally determined by the ratio of the thickness and width
of the reconnection region. In order to get a fast recon-
nection, we have two ways: (i) increasing the effective
thickness due to the fluctuating motion of the magnetic
field; (ii) decreasing the effective width by generating
multiple magnetic islands (fractal structure, plasmoids,
etc.).14
One of the earliest investigations on the turbulence ef-
fects on magnetic reconnection was made by Matthaeus
and Lamkin.15,16 They numerically examined the tempo-
ral evolution of a two-dimensional (2D) periodic electric
current sheet with imposing the initial fluctuations with a
wide range of spectrum. It was reported that the current
sheets produce corrugations at large scales and magnetic
islands at small scales. Due to these corrugations and
magnetic-island motions, multiple X-point structures are
generated, which lead to the fast reconnection. It was
shown that the fluctuations lead to the fast reconnection
through the generation of the multiple X points.
On the basis of a heuristic argument of the Alfve´nic
turbulence by Goldreich and Sridhar,17 Lazarian and
Vishniac developed a scaling theory of turbulent mag-
netic reconnection.18 Due to the stochastic motions of
magnetic fields, the effective thickness of the reconnection
region becomes much larger, leading to a much larger re-
connection rate. Their result suggests that the reconnec-
tion rate is not determined by the microphysics quanti-
ties such as the molecular diffusivity but by the turbulent
quantities. Recently Eyink et al. interpreted the stochas-
tic motions of magnetic fields as the Richardson diffusion,
and by using the Lagrangian trajectory formulation, ob-
tained the reconnection-rate expression equivalent to the
Lazarian and Vishniac one.19
Guo et al. examined turbulent reconnection in the
framework of the resistive reduced magnetohydrodynam-
ics (RMHD).20 They adopted a mean-field approach and
treat the inhomogeneity of the reconnected magnetic
field. They focused on the dynamics of the magnetic he-
licity density in a state of preexisting turbulence. Using
some kinds of closure theory of turbulence, they obtained
the expressions for the magnetic reconnection rate in the
noisy and Alfve´n-wave turbulence cases. The reconnec-
tion rates is very weakly dependent on the amplitude
of the turbulence, which suggests that even with a very
weak turbulence, the reconnection can be very fast.
With the developments of the computer resources, nu-
merical investigations of turbulent magnetic reconnection
has been recently developed. Such numerical simulations
may be divided into several categories depending on what
kind of turbulence is supposed as well as on what kind
of geometrical setting is adopted for the simulation. The
geometrical settings include the dimensionality (2D or
3D), boundary conditions (periodic or open), etc. On the
other hand, the turbulence property includes the follow-
ing: What is the source of turbulence (instability such
as tearing mode, injected one with external forcing, or
small-scale reconnection itself)? How does the fluctua-
tion spatially distributed inside and outside the recon-
nection region? In which scale turbulence is injected or
generated?
Servido et al. investigated turbulent reconnection by
numerically solving 2D magnetohydrodynamic (MHD)
equations with a periodic boundary condition at high
Reynolds number.21 They found that a large number of
X-point structures with various sizes and energies are
generated, and a reconnection occurs at each X-point.
The reconnection rate ranges from small to large depend-
ing on each reconnection event. Statistical analysis of
these reconnection events showed that the thickness and
width of the reconnection regions correspond to the dis-
sipation and correlation length scales of turbulence, re-
spectively. This result suggests that the magnetic recon-
nection is subject to the statistical nature of turbulence.
Kowal et al. performed elaborated 3D numerical sim-
ulations of MHD equations with non-periodic boundary
conditions and examined turbulence effects on magnetic
reconnection.22,23 They first made the fields evolve with-
out any fluctuations, then at some moment started ex-
ternally imposing turbulence and saw the temporal evo-
lution of the magnetic reconnection rate. Dependence
of the reconnection rate on several factors such as the
magnitude of fluctuation, scale of injection, magnitude
of molecular diffusivity, guide field, etc. was extensively
investigated. The basic results were as follows. The mag-
netic reconnection rate is largely enhanced in the turbu-
lent state, and the rate does not depend on the molecular
magnetic diffusivity. It was also shown that the larger the
magnitude of fluctuation imposed and the turbulence in-
jection scale is, the larger the reconnection rate becomes.
They suggested that several collisionless effects are ir-
relevant to the reconnection rate in the turbulent state.
These results are considered to confirm the idea of fast re-
connection due to the magnetic-field wandering proposed
by Lazarian and Vishniac.
Using 2D direct numerical simulations with a periodic
boundary condition, Loureiro et al. investigated how the
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background noise has an effect on the fast reconnection.24
It was shown that the dependence of the reconnection
rate on the Lundquist number decreases as the turbu-
lence level increases. This result suggests that, in tur-
bulence, the reconnection rate does not depend on the
microscopic physics but only on the nonlinear dynamics
of turbulence.
Another class of approaches to turbulent reconnection
is the plasmoid instability one. A large number of simu-
lation studies have been done to explore the tearing in-
stability of current sheets and to examine the formation
of the secondary magnetic island called plasmoid.25–27 In
this approach, turbulent reconnection is explored with-
out resorting to any pre-existing turbulence. The forma-
tion of multiple plasmoid effectively reduces the width of
the reconnection region, and consequently contribute to
a fast reconnection. Bhattacharjee et al. showed the in-
dependence of the reconnection rate on the Lundquist
number in the fast reconnection due to the plasmoid
instability.28 Another important point is that the multi-
ple plasmoid generation reduces the length scale to reach
a scale smaller than the magnetohydrodynamic limit.29
Specific mechanisms based on a hierarchy of plasmoids
have been proposed to bridge global scale to dissipation
scale in the context of the so-called reconnection phase
diagram.30 How and how much turbulence is generated
from laminar current sheets in a fully realistic physical
parameter regime is a very important question. How tur-
bulence interacts with the plasmoid instability is still an
open question. In the collisionless regime, it is considered
that we have not yet seen a significant effect of MHD-
scale turbulence on the reconnection rate, nor have we
seen evidence of significantly enhanced transport due to
MHD turbulence in the numerical simulations where the
current sheet scale is of order of ion gyro-radius.14 At
the same time, we should note the fact that there are
examples of fast reconnection without a plasmoid. The
plasmoid formed in an elongated current sheet can con-
tribute to reduce the inertia resistivity, and the forma-
tion of many plasmoids does not necessarily mean the
enhancement of magnetic dissipation in a collisionless
regime. It is required to study carefully a macro-micro
scale coupling process in a large scale kinetic simulation.
For summary of recent studies and future perspectives,
the reader is referred to a review by Karimabadi and
Lazarian.14
If the turbulence effect is incorporated into the dynam-
ics of the large-scale fields, the behavior of large-scale
fields is considerably affected by turbulence through the
drastic change of the effective transport. Since turbu-
lence enhances the effective diffusivity, turbulence may
enhance the magnetic reconnection very much. However,
as was stressed in our previous paper,31 this effect is not
so self-evident. In most of the previous work that incor-
porates turbulence effect into the magnetic reconnection
process, turbulence is externally imposed or given as a
fixed ingredient. This treatment is not sufficient enough.
It is true that turbulence determines the dynamics of the
mean fields through the effective or turbulence transport.
At the same time, the mean-field configurations, which
are subject to the turbulence effect, also determine the
properties of turbulence. Dynamics of mean-field config-
uration and turbulence have to be simultaneously treated
in a consistent manner.31 Considering these points, the
obvious questions to be addressed are as follows:
- How and how much turbulence is generated and sus-
tained in the magnetic-reconnection configuration;
- How enhanced transport coefficients due to turbulence
are spatiotemporally distributed;
- How the effective transport is related to the magnetic
reconnection rate.
In order to address these questions, we have to treat
the mutual interaction of the mean-field structures and
turbulence in a consistent manner. The main objective
of this paper is to show a consistent approach to these
questions.
For this purpose, we adopt the mean-field approach to
the turbulent magnetic reconnection in this work since
this approach provides a powerful tool for investigating
the interplay between the fluctuation and large-scale in-
homogeneities in the realistic physical parameter domain.
Obviously, the choice of turbulence model is of primary
importance. We easily imagine that a simple heuristic
turbulence modeling adopting gradient-diffusion approx-
imations such as eddy viscosity, turbulent magnetic dif-
fusivity, etc. may not work well. We should remember
that a simple eddy-viscosity-type model completely fails
even in hydrodynamic case if it is applied to a turbu-
lent swirling flow. Instead, we need turbulence mod-
eling based on the fundamental equations of magneto-
hydrodynamics. Such models should include turbulence
effects other than the simple eddy viscosity and diffu-
sivities. In this work, we adopt a turbulence model on
the basis of an elaborated closure theory for inhomo-
geneous turbulence at very high kinetic and magnetic
Reynolds numbers.32,33 As we see later, the model ex-
pressions for the turbulent electromotive force [Eq. (16)]
and the Reynolds stress [Eq. (17)] themselves have been
confirmed by a direct numerical simulation (DNS) of the
Kolmogorov flow with a strong imposed magnetic field.34
Also we should note that this type of mean-field or turbu-
lence model approach has been applied to the solar-wind
turbulence with a strong mean magnetic field and a fast
velocity with shears, and successfully reproduced the evo-
lution of Alfve´nicity in solar-wind turbulence: the spa-
tial distributions of the turbulent cross helicity and the
turbulent MHD residual energy (difference between the
kinetic and magnetic energies) observed by satellite.35–38
In this sense, the validity of the mean-field approach has
already been confirmed in the context of the magnetic
turbulence. The applicability of the mean-field approach
in the context of magnetic reconnection will be furhter
discussed later.
The organization of this paper is as follows. In § II, we
present the fundamental mean-field equations and intro-
duce the most important turbulent correlations appear-
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ing in the mean-field equations. In § III, the dynamic bal-
ance between the enhancement and suppression of trans-
port due to turbulence is explained. In § IV, the con-
cept of turbulence model is presented with the explicit
expressions for the model equations. In § V, features
of the mean-field approach to the magnetic reconnection
are discussed. In § VI, numerical test of the notion of dy-
namic balance of turbulence is presented in the context of
magnetic reconnection. In § VII, cross-helicity effects in
transport balance are discussed. Conclusions with some
suggestions for the future work are presented in § VIII.
II. FUNDAMENTAL EQUATIONS
A. Mean equations
In this work, we treat the magnetic reconnection in the
framework of the magnetohydrodynamics (MHD) with-
out resorting to the effects beyond the one-fluid MHD,
such as the Hall effect, electron pressure gradient, etc.
This treatment does not deny possible importance of such
effects. Actually importance of the effects beyond the
MHD has been reported by several authors.39 Here we
concentrate our analysis on the MHD with turbulence
incorporated and see what consequence we obtain.
We consider the compressible MHD equations, which
consist of the equation of mass, momentum, magnetic-
field, and total energy. We divide field quantities into
the resolved and the unresolved scales as
f = F + f ′, F = 〈f〉 (1)
with 〈· · ·〉 being the ensemble average. Here, the field
quantity f denotes
f = (u,ω,b, j, e, ρ, p) (2a)
F = (U,Ω,B,J,E, ρ, P ) (2b)
f ′ = (u′,ω′,b′, j′, e′, ρ′, p′) (2c)
where u is the velocity, ω(= ∇× u) the vorticity, b the
magnetic field, j(= ∇×b/µ0) the electric-current density,
e the electric field, ρ the density, and p the pressure (µ0:
magnetic permeability).
Using the Reynolds decomposition [Eq. (1)], the mean-
field equations are written as
∂ρ
∂t
+∇ · (ρU) = −∇ · 〈ρ′u′〉 , (3)
∂
∂t
ρUα +
∂
∂xa
ρUaUα
= − ∂P
∂xα
+
∂
∂xα
µSaα + (J×B)α
− ∂
∂xa
(
ρ 〈u′au′α〉 − 1
µ0
〈b′ab′α〉
+ Ua 〈ρ′u′α〉+ Uα 〈ρ′u′a〉
)
+RαU , (4)
∂
∂t
(
P
γs − 1 +
1
2
ρU2 +
1
2µ0
B2
+
1
2
ρ
〈
u′2
〉
+
1
2µ0
〈
b′2
〉
+ 〈ρ′u′〉 ·U
)
= −∇ ·
[(
γs
γs − 1P +
1
2
ρU2 +
1
2
ρ〈u′2〉+ 〈ρ′u′〉 ·U
)
U
+
〈(
γs
γs − 1p
′ + ρU · u′ + 1
2
ρ′U2
)
u′
〉
+
E×B
µ0
]
+RE , (5)
∂B
∂t
= −∇×E, (6)
E = −U×B + ηJ−EM, (7)
where µ is the dynamic viscosity, γs(= CP /CV ) the ratio
of the specific heats (CP : specific heat at constant pres-
sure, CV : the specific heat at constant volume) and S is
the strain rate of the mean velocity defined by
Sαβ = ∂U
β
∂xα
+
∂Uα
∂xβ
− 2
3
∇ ·Uδαβ . (8)
In Eqs. (4) and (5), RU and RE are defined by
RαU = −
∂
∂t
〈ρ′u′α〉− ∂
∂xa
〈ρ′u′au′α〉− 1
2µ0
∂
∂xα
〈b′2〉, (9)
RE = − ∂
∂t
〈ρ′u′2〉 − ∇ ·
(
1
2
〈ρ′u′2〉U + 1
2
ρ〈u′2u′〉
+〈ρ′u′ ·Uu′〉+ 1
2
〈ρ′u′2u′〉+ 〈e
′ × b′〉
µ0
)
. (10)
They consist of the terms that may be neglected com-
pared with the retained ones. In Eq. (7), EM is the tur-
bulent electromotive force defined by
EM ≡ 〈u′ × b′〉 . (11)
Note that substitution of Eq. (7) into Eq. (6) leads to the
mean magnetic-field induction equation:
∂B
∂t
= ∇× (U×B + EM) + η∇2B. (12)
Equations (3)-(12) show that the correlations of fluc-
tuations such as 〈u′u′〉, 〈b′b′〉, 〈ρ′u′〉, 〈p′u′〉, etc. con-
tribute to the transport of the mean fields.
B. Reynolds stress and turbulent electromotive force
If we neglect the fluctuation of the density and pressure
as
ρ = ρ+ ρ′ = ρ, ρ′ = 0, (13a)
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p = P + p′ = P, p′ = 0, (13b)
then the relevant correlations are only the turbulent elec-
tromotive force EM [Eq. (11)] and the Reynolds stressR
defined by
Rαβ ≡
〈
u′αu′β − 1
µ0ρ
b′αb′β
〉
. (14)
This treatment does not deny the importance of the fluc-
tuations in density and pressure (or temperature, inter-
nal energy). Actually in several situations, the turbulent
mass and heat transports 〈ρ′u′〉 and 〈p′u′〉 (or 〈θ′u′〉,
〈q′u′〉) play important roles in the mean-field transporta-
tion (θ′: temperature fluctuation, q′: internal energy
fluctuation). The present treatment is just a first step
of self-consistent turbulence approach to the magnetic
reconnection.
For the sake of simplicity, hereafter we rewrite the mag-
netic field, electric-current density, etc. using the Alfve´n-
speed unit as
b
(µ0ρ)1/2
→ b, j
(ρ/µ0)1/2
→ j, e
(µ0ρ)1/2
→ e, p
ρ
→ p.
(15)
Under condition (13), the expressions for R and EM be-
come the same as for the counterparts in the incompress-
ible turbulence case. They are expressed as32,33
EM = −βJ + γΩ + αB, (16)
[Rαβ]
D
≡ Rαβ − 2
3
KRδ
αβ
= −νKSαβ + νMMαβ +
[
ΓαΩβ + ΓβΩα
]
D
, (17)
where [Aαβ ]D is the deviatoric part of Aαβ , [Aαβ ]D =
Aαβ − Aaaδαβ/3, and KR = 〈u′2 − b′2〉/2 is the tur-
bulent MHD residual energy. In Eqs. (16) and (17),
Ω(= ∇ ×U) is the mean vorticity and M is the strain
rate of the mean magnetic field defined by
Mαβ = ∂B
β
∂xα
+
∂Bα
∂xβ
− 2
3
∇ ·Bδαβ (18)
(note that we adopted the Alfve´n-speed unit and ∇ · B
does not necessarily vanish).
The transport coefficients νK and β are related to the
turbulent MHD energy K(≡ 〈u′2 + b′2〉/2), νM and γ
are related to the turbulent cross helicity W (≡ 〈u′ · b′〉),
and α and Γ are related to the turbulent residual helicity
H(≡ 〈−u′ · ω′ + b′ · j′〉) and its inhomogeneity ∇H, re-
spectively. They are related to each other and modeled
as
β =
5
7
νK = CβτK, (19a)
γ =
5
7
νM = CγτW, (19b)
α = CατH, (19c)
where τ is the timescale of turbulence and Cβ , Cγ , and
Cα are model constants of the same order of magnitude
each other, O(10−1). In this work, we drop α and Γ-
related terms since there is no helicity generation in the
present situation. This point will be referred to later in
§ VI.
In the model expressions [Eqs. (16) and (17)], the
transport coefficients are scalars. This does not deny
the importance of anisotropy in magnetic turbulence. As
some heuristic models showed,17 anisotropy is considered
to play a very important role in MHD turbulence evolu-
tion especially in the context of the turbulent magnetic
reconnection.18,19
However, we should note the following points. Firstly,
even by using isotropic transport coefficients, we can well
express the effects of anisotropy. This is because we solve
the evolution equations for the transport coefficients (or
turbulent quantities that express the transport coeffi-
cients). Those equations contain several mean fields and
their inhomogeneities. In the present work, the trans-
port coefficients are determined by the inhomogeneities
and anisotropy of the mean fields such as the magnetic
field and velocity shears through the transport equations
of the turbulent statistical quantities. For example, in
the Alfve´nic turbulence fluctuations are constituted by
the collection of Alfve´n waves. Such a property is intrin-
sically incorporated into the transport equations of tur-
bulence quantities, which are derived from the full MHD
equations. Asymmetry of the Alfve´n waves propagating
parallel and antiparallel to the mean magnetic field leads
to a finite turbulent cross helicity. This effect is imple-
mented into the present turbulence model through the
term B · ∇K (energy inhomogeneity along the magnetic
field) in Eq. (30c).
Secondly, as in the magnetic turbulence case, it is of-
ten assumed in the theoretical and numerical studies of
planetary atmosphere that the viscosity is anisotropic be-
tween the horizontal and vertical directions. However, it
is also shown that the isotropic eddy-viscosity formula-
tion associated with the transport equations of turbu-
lence quantities and timescales can reproduce the plan-
etary superrotation without resorting any anisotropic
viscosities.40 This fact clearly shows that an isotropic
formulation of the turbulent viscosity properly imple-
mented with the mean-field inhomogeneity arguments
can treat anisotropic transport phenomena. In this sense,
our present model is not for homogeneous and isotropic
turbulence but for inhomogeneous and anisotropic tur-
bulence.
III. TRANSPORT ENHANCEMENT AND
SUPPRESSION DUE TO TURBULENCE
The structures of the expressions for EM [Eq. (16)]
and R [Eq. (17)] are similar each other. The first or
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energy-related terms (β and νK) enhance the transport.
On the other hand, the second or cross-helicity-related
terms (γ and νM) as well as the third or helicity-related
terms (α, Γ) may suppress the transport. For example,
if we substitute Eq. (16) into Eq. (12), we obtain
∂B
∂t
= ∇× (U×B)−∇× [(η + β)∇×B]
+∇× (γΩ + αB) . (20)
As can be seen from η → η+β in Eq. (20), the β-related
term in Eq. (16) represents the transport enhancement
due to turbulence, which is called the turbulent magnetic
diffusivity. As Eq. (19a) shows, in the presence of tur-
bulence (K 6= 0), we always have the turbulent magnetic
diffusivity β (and the turbulent viscosity νK) which is
much larger than the molecular counterpart η (and ν).
At the same time, however, we may have some effects
of pseudoscalars arising from the breakage of symmetry
in turbulence. The second and third or γ- and α-related
terms in Eq. (20) may contribute to the magnetic-field
generation. If we have a large cross correlation between
the velocity and magnetic field in turbulence, it may act
for balancing the enhanced magnetic-diffusivity (and tur-
bulent viscosity) effect [Eqs. (16) and (17)]. If the γ- and
α-related terms are nearly balanced with the β-related
term, we have Eq. (12) with EM ' 0 as
∂B
∂t
' ∇× (U×B) + η∇2B. (21)
This is the same equation in form as the laminar in-
duction equation. This suggests that, if the magnetic
Reynolds number is huge (Rm 1), the mean magnetic
flux can be frozen in the fluid motion even in a highly tur-
bulent state. This is a typical situation of the dynamic
balance between the transport enhancement and suppres-
sion due to turbulence. We should note that although the
equation and consequently the magnetic field behaviors
appear very similar to the counterparts in the laminar
case, the underlying physics of Eq. (21) is entirely differ-
ent from that of the laminar induction equation. In the
dynamic balance case, where turbulence itself is present,
once the balance between the enhancement and suppres-
sion is broken, we usually encounter a strong transport
enhancement depending on the level of turbulence.
The turbulence effect including the enhanced transport
results from the properties of flow but not of fluid. So
the transport coefficients in general depend on space and
time. If we have no or very small pseudoscalar quantities
in space or in time, then the enhancement of transport
becomes dominant. There the turbulent electromotive
force is expected to be represented only by the turbulent
magnetic diffusivity as
EM ' −β∇×B. (22)
Then the induction equation for the mean magnetic field
is written as
∂B
∂t
' ∇× (U×B)−∇× (β∇×B) , (23)
where the molecular magnetic diffusivity η has been
dropped since η  β. Only in such a region, we can
expect the dominant effect of the turbulent magnetic dif-
fusivity.
As for more fundamental discussions about the break-
age condition of the magnetic-flux freezing, the reader is
referred to a recent paper by Eyink et al. (2011), where
the flux-freezing of general magnetic fields (not mean
fields) is well discussed from the viewpoint of the spon-
taneous stochasticity.19
Dynamic balance and non-balance between the trans-
port enhancement and suppression is one of the most
interesting features of turbulence. We see that the trans-
port property due to turbulence is determined by the spa-
tiotemporal evolution of the turbulent statistical quanti-
ties such as the turbulent MHD energy, cross helicity, and
residual helicity. At the same time, as was stressed in § I
and Ref. 33, the evolution of turbulence is determined by
the large-scale or mean-field configurations. Dynamics of
the mean fields and turbulence should be solved simulta-
neously. As for the other arguments related to the mitiga-
tion of turbulence mixing through the change of cascad-
ing rates due to the cross helicity, the reader is referred to
the analysis of the imbalanced Alfve´nic turbulence.41–43
As was predicted by our previous paper,31 even if the
total amount or volume average of the turbulent cross
helicity is zero, the turbulent cross helicity can be spa-
tially or locally distributed positive and negative depend-
ing on the mean-field configuration. Since it is a conse-
quence of the symmetric and antisymmetric properties
of the velocity and the magnetic field, the quadrupole-
like spatial distribution of the cross helicity is ubiquitous
around the current sheet.44 This is a prominent feature
of pseudoscalar quantities, which is non-positive definite
unlike pure scalars such as the energy. If the turbulent
cross helicity changes its sign on the symmetry surface,
its magnitude must be very small in the vicinity of the
surface. This means that the transport suppression due
to the turbulent cross helicity can not function in the
vicinity of the symmetry surface, hence only the trans-
port enhancement due to turbulence can effectively func-
tion there. Again, this is a consequence of the dynamic
(non)balance between the transport enhancement due to
the turbulent energy and the transport suppression due
to the turbulent cross helicity. The dynamic balance of
turbulence may contribute to the strong localization of
the effective turbulent magnetic diffusivity, leading to the
fast magnetic reconnection. Schematic situation is de-
picted in Fig. 1. Even if the spatial distribution of β is
broad, the balancing with γ may lead to a fairly localized
distribution of the turbulent magnetic diffusivity.
The notion of dynamic balance between the enhance-
ment and suppression of transport should be compared
with the notion of the dynamic aligment of the magne-
tohydrodynamic turbulence.45,46 In the latter, basically
a relaxation problem of the magnetohydrodynamic tur-
bulence with a finite flow under the constraint of the
total amount of the cross helicity is argued. It is nu-
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FIG. 1. Schematic spatial distributions of the β- and γ-
related terms. Dynamic balance between the transport en-
hancement due to turbulent energy βJ and the suppression
due to the turbulent cross helicity γΩ.
merically established that the angle between the veloc-
ity and magnetic-field fluctuations decreases as the scale
decreases (dynamic alignment). Numerical simulations
are designed in the framework of the homogeneous tur-
bulence without any inhomogeneous mean flow and the
turbulence is sustained by the external forcing. On
the other hand, in the dynamic balance argument, we
treat inhomogeneous turbulence with mean velocity and
magnetic-field inhomogeneities. These inhomogeneities
in the mean fields are the main sources of the turbulent
MHD energy and the turbulent cross helicity.
We should also remark the following points.33
First, the relationship between the magnitude of the
turbulent EMF 〈u′ × b′〉 and the turbulent cross helic-
ity 〈u′ · b′〉 is not so simple. The turbulent electromo-
tive force (EMF) 〈u′ × b′〉 [Eq. (11)] is the most impor-
tant quantity representing the turbulence effects on the
mean magnetic-field evolution. In relation to the tur-
bulent cross helicity 〈u′ · b′〉, it is often argued that the
cross helicity should be small in situations where the tur-
bulence plays an important role in transport through the
EMF. This argument is simply based on the fact that the
turbulent cross helicity represents the cosine of u′ and b′
while the turbulent EMF does sine of them:
(u′ · b′)2
|u′|2|b′|2 +
(u′ × b′)2
|u′|2|b′|2 = 1. (24)
However, the situation in general is not so simple since
both EMF and turbulent cross helicity are statisti-
cally averaged quantities and the cross helicity is not a
positive-definite quantity. This point can be easily seen
if we consider a case where the turbulent velocity and
magnetic fields are totally aligned but the numbers of
positive and negative alignments are completely equiva-
lent. In this “balanced” turbulence case, the turbulent
EMF vanishes (〈u′ × b′〉 = 0) due to the alignment. At
the same time, the cross helicity vanishes (〈u′ · b′〉 = 0)
due to the equivalence between the positive and nega-
tive alignments. In this specific case, both the turbulent
EMF and the turbulent cross helicity vanish simultane-
ously. This example shows that the relationship between
the turbulent EMF and the turbulent cross helicity is not
so simple.
Secondly, we do not require a large magnitude of the
turbulent EMF for the dynamic balance situation. The
magnitude of the turbulent EMF is determined by the
balance between the turbulent magnetic diffusivity term,
βJ, and the pseudoscalar-related terms, γΩ and αB. If
the turbulent cross helicity is large, the turbulent EMF
may be small or large depending on the balance with the
βJ term.
Thirdly, the normalized turbulent cross helicity
〈u′ · b′〉/(
√
u′2
√
b′2) represents the degree of alignment
between the velocity and magnetic-field fluctuations. In
addition, another normalized cross helicity defined by
2〈u′ · b′〉/〈u′2 + b′2〉 is of crucial importance if we con-
sider the transport property of turbulence [see Eq. (55)].
The former is a measure of the topological property while
the latter is the counterpart of the dynamical one. Ac-
tually in the case of dynamic balance between the trans-
port enhancement and suppression, the key quantity is
not the alignment angle 〈u′ · b′〉/(
√
u′2
√
b′2) but the rel-
ative cross helicity defined by 2〈u′ · b′〉/〈u′2 + b′2〉.
IV. TURBULENCE MODEL
A. Basic concept
The most straightforward approach to turbulence is
direct numerical simulations (DNSs), where fundamen-
tal equations are directly solved without resorting any
types of model. In order to resolve inhomogeneous
and anisotropic turbulence with realistic boundary con-
ditions, we have to use a huge number of grid points.
The ratio of the largest scale in turbulence motions (`E:
energy-containing scale) to the smallest ones (`D: Kol-
mogorov scale) is scaled by the Reynolds number Re as
`E/`D ∼ Re3/4. This means that we need the number of
grid points of O(Re9/4) to resolve all scales of turbulence
motion. If the Reynolds number is huge as in astro- and
space physics phenomena, we need a huge number of grid
points. This is not available in the foreseeable future even
with the present progress of the computer resources.
Turbulence modeling provides a powerful tool for treat-
ing realistic turbulence with mean-field inhomogeneities.
Depending on how much turbulent motion is resolved in
the simulation, turbulence models are divided into a few
categories.
If we solve large scales of turbulent motions with low-
pass filter and modeling for small-scale motions, such
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kind of simulations and modeling are called the large-
eddy simulation (LES) and the sub-grid scale (SGS) mod-
eling, respectively. In the LES only the large eddies or
large-scale turbulent motions are resolved. The resolved
motion is called the grid scale (GS) one, and the small-
scale or SGS motions of turbulence should be modeled.
Small-scale turbulent motions are expected to have more
universal and symmetric properties than large-scale ones.
As this result, the SGS motions can be modeled in a form
simpler than the case of the Reynolds-averaged turbu-
lence model, where all scales of turbulent motions should
be modeled. The simplest SGS model is the Smagorin-
sky model, where, in addition to the filter width ∆, only
the GS velocity strain rate is used for modeling of the
SGS viscosity. Note that the filter width ∆ represents
the largest scale of the unresolved motions.
Another type of model is called the Reynolds-averaged
turbulence model. In this model, field quantities are di-
vided into the mean and the deviation from it. In the
simulation, only the mean-field quantities are solved with
turbulent transport coefficients such as the eddy or tur-
bulent viscosity, turbulent diffusivity, etc. These trans-
port coefficients represents statistical properties of fluc-
tuation fields, whose motions are not resolved. Unlike the
large-eddy simulations (LESs), in the Reynolds-averaged
model, all scales of turbulent motions are modeled using
a few statistical quantities such as the mixing length, the
turbulent energy, its dissipation rate, etc. These quan-
tities are expected to represent statistical properties of
turbulence motions.
In order to close the system of model equations, the
transport coefficients appearing in the mean-field equa-
tions should be expressed in terms of the turbulent sta-
tistical quantities. The simplest model is the mixing-
length theory, where the turbulent viscosity is modeled as
νT ∼ u` ∼ `2|∇U|, using the mixing length ` (u: charac-
teristic turbulence velocity, U: mean velocity). Depend-
ing on the phenomena, the length scale characteristic to
the particular situation is adopted as the mixing length.
Typical choices are the dimension of the object (for flows
around a body), the pressure or density scale hight (for
the solar convection zone), the disk thickness (for accre-
tion disks), and so on.
B. Choice of turbulence statistical quantities
The transport coefficients appearing in the mean-field
equations should reflect statistical properties of turbu-
lence. In order to construct a self-consistent turbulence
model, we have to properly treat the dynamics of turbu-
lence simultaneously with those of the mean fields. In
order to represent the turbulence properties, we need
quantities that properly represent turbulence. In this
sense, choice of such quantities is of essential importance
in turbulence modeling.
As was referred to in § II.B, the transport coefficients
β, γ, and α are related to the turbulent MHD energy,
the turbulent cross helicity, and the turbulent residual
helicity, respectively [Eq. (19)]. So, it is natural to adopt
them as the turbulence statistical quantities. From the
viewpoint of turbulence modeling, relevant quantities are
ones that characterize the level of fluctuations. We define
K =
1
2
〈
u′2 + b′2
〉
, (25)
W = 〈u′ · b′〉 , (26)
H = 〈−u′ · ω′ + b′ · j′〉 , (27)
and denote them as the turbulent MHD energy, turbu-
lent cross helicity, and the turbulent residual helicity. As
mentioned above, we do not treat the α- or H-related
effect in this work. The model equation for H and its
simplified version have been proposed.47,48
Note that conceptionally and numerically we do not
presume any turbulence quantities such as K, W , and H
from the beginning. These turbulence quantities evolve
according to the transport equations of them. If there
is no generation mechanisms associated with large-scale
inhomogeneities [typically written as Eqs. (31) for K and
(32) for W ], then we just do not have that quantity in
turbulence.
From the equations for the velocity and magnetic-field
fluctuations, we obtain the evolution equations of K and
W as
DG
Dt
≡
(
∂
∂t
+ U · ∇
)
G = PG − εG + TG, (28)
with G = (K,W ). Here PG, εG, and TG are the produc-
tion, dissipation, and transport rates of the quantity G.
They are defined by
PK = −EM · J−Rab ∂U
a
∂xb
, (29a)
εK = ν
〈
∂u′a
∂xb
∂u′a
∂xb
〉
+ η
〈
∂b′a
∂xb
∂b′a
∂xb
〉
(≡ ε), (29b)
TK = B · ∇W +∇ ·T′K , (29c)
PW = −EM ·Ω−Rab ∂B
a
∂xb
, (30a)
εW = (ν + η)
〈
∂u′a
∂xb
∂b′a
∂xb
〉
, (30b)
TW = B · ∇K +∇ ·T′W . (30c)
The production rates, PK and PW , arise from the cou-
pling of the turbulence correlations with the mean-field
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inhomogeneities. If we substitute the expressions for EM
[Eq. (16)] and R [Eq. (17)] into Eqs. (29a) and (30a), we
obtain the concrete expressions for the production rates
as
PK = βJ
2 − γΩ · J + 1
2
νKS2 − 1
2
νMS :M, (31)
PW = βΩ · J− γΩ2 + 1
2
νKS :M− 1
2
νMM2. (32)
The first and third terms of Eq. (31) represent the usual
turbulence generation due to the mean electric current
and mean velocity strain, respectively.
As we see in the definitions of εK [Eq. (29b)] and εW
[Eq. (30b)], the dissipation rates express how much the
turbulent MHD energy and cross helicity are dissipated
by the molecular viscosity and magnetic diffusivity in the
smallest scales of turbulence. However, in a cascade pic-
ture of turbulence, the dissipation rates are tightly con-
nected to the energy and cross-helicity flux in the wave-
number space; how much energy and cross helicity are
transferred from larger to smaller scales.
As written in the divergence form, the transport rates
TK and TW do not contribute to the net generation of
K and W . However, in some situation, they may play
important roles in transport. Since W is non-positive
definite, even if the total amount of the cross helicity is
zero, it can be spatially distributed as positive and neg-
ative pairs. Considering this point, the the first term
in Eq. (30c) are expressed in the form of B · ∇K. This
suggests that the turbulent cross helicity is locally gener-
ated if the turbulent energy is inhomogeneous along the
mean magnetic field. This is a very interesting feature
of the cross-helicity generation, which is related to the
asymmetry of the Alfve´n wave propagation.33
C. Model structure
In this work, we adopt a Reynolds-averaged turbulence
model, which consists of the mean-field equations and the
turbulence-quantity equations.
1. Mean fields
Mean density:
∂ρ
∂t
+∇ · (ρU) = 0, (33)
Mean momentum:
∂
∂t
ρUα +
∂
∂xa
ρUaUα = − ∂
∂xα
ρP +
∂
∂xα
µSaα
+ρ (J×B)α − ∂
∂xα
(ρRaα) , (34)
Mean energy:
∂
∂t
{
ρ
[
P
γs − 1 +
1
2
(
U2 + B2
)
+
1
2
〈
u′2 + b′2
〉]}
= −∇ ·
{[
γs
γs − 1P +
1
2
(
U2 + 〈u′2〉)] ρU
+ρ 〈(U · u′) u′〉+ ρE×B
}
, (35)
Mean magnetic field:
Faraday induction equation [Eq. (6)]
with the mean Ohm’s law [Eq. (7)].
Here, the Reynolds stressR and the turbulent electro-
motive force EM are given by Eqs. (17) and (16), respec-
tively, with α- and Γ-related terms dropped. Transport
coefficients appearing in Eqs. (16) and (17) are given by
Eq. (19).
2. Turbulent fields
On the other hand, the equations for the turbulent
quantities are as follows.
Turbulent MHD energy:(
∂
∂t
+ U · ∇
)
K = −EM · J−Rab ∂U
a
∂xb
−εK + B · ∇W +∇ ·
(
νK
σK
∇K
)
, (36)
Turbulent cross helicity:(
∂
∂t
+ U · ∇
)
W = −EM ·Ω−Rab ∂B
a
∂xb
−εW + B · ∇K +∇ ·
(
νK
σW
∇W
)
. (37)
In order to close the system of model equations, we
have to express ε and εW in terms of known quantities.
In the usual Reynolds-averaged turbulence model, in ad-
dition to the K equation, the evolution equation of ε is
considered as(
∂
∂t
+ U · ∇
)
ε = Cε1
ε
K
PK − Cε2 ε
K
ε+∇ ·
(
νK
σε
∇ε
)
,
(38)
where Cε1, Cε2, and σε are the model constants, whose
values have been optimized through the several kinds of
flow environments as49
Cε1 = 1.4, Cε2 = 1.9, σε = 1.3. (39)
These values should be kept the same even in the MHD
turbulence case since a system of model equations should
be reduced to the usual hydrodynamic turbulence model
in the limit of vanishing magnetic field (b = 0). The
equation for εW can be also constructed.
38 A simpler
modeling of ε and εW is the algebraic model for them.
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By introducing timescale of turbulence, τ , ε and εW are
modeled as
ε =
K
τ
, (40)
εW = CW
W
τ
(41)
[CW (> 1) is the model constant]. We should note that
in the latter case the system of model equations is not
entirely closed since the timescale τ can not be self-
consistently determined without resorting to the ε equa-
tion. As we see from Eq. (40), only when we solve both
K and ε equations simultaneously, the timescale of tur-
bulence is self-consistently determined as
τ =
K
ε
. (42)
The detailed modeling of the ε and εW including the
derivation of their equations, has been given in the pre-
vious papers.38,50
V. NOTES ON MEAN-FIELD APPROACH
We adopt the mean-field approach to the magnetic re-
connection in the present work. Validity of this approach
should be examined in many respects. In this section, we
discuss several points related to the mean-field approach,
which include the applicability to the magnetic recon-
nection phenomena, assumptions behind the approach,
advantages and disadvantages, potentiality for the large-
eddy simulations (LESs), and test of the mean-field ap-
proach.
A. Applicability of the mean-field approach
Richardson considered the dispersion of particle pairs
passively advected by homogeneous, isotropic and fully
developed turbulence.51 Ensemble averaging of such ad-
vected fields gives the notion of stochastic diffusion due
to turbulence (Richardson diffusion). Mean-field ap-
proaches to turbulence with effective transports should
be based explicitly or implicitly on this notion. As Eyink
et al. pointed out, the Lagrange trajectory problem is
equivalent to solving the initial value problem of the mag-
netic induction equation.19 Ensemble of the magnetic-
field lines subject to the Richardson diffusion exhibits a
fast topology change, which corresponds to the fast re-
connection. This indicates that turbulence should involve
the fast reconnection on the scale of its eddies.
Bearing this point in mind, we may say that the mean-
field approach should be based on or at least compatible
with the fast reconnection of the small-scale magnetic
field. This is a very interesting aspect of the mean-field
approach to magnetic reconnection. The compatibility
of the mean-field approach with the small-scale recon-
nection can be confirmed only through the examination
of the turbulence model [Eqs. (16) and (17)] with the aid
of the direct numerical simulations (DNSs) of the small-
scale reconnection phenomena. Although the validity of
the mean-field turbulence model has been confirmed in
some magnetohydrodynamic flow situations,34 the gen-
eral confirmations of the model is lacking in the context
of small-scale magnetic reconnection. Again we should
note that the numerical simulations with a mean-field
turbulence model do not provide us with a direct test of
the turbulence reconnection model.
In the mean-field approach, only the mean (ensemble
averaged) motions are treated as the resolved or calcu-
lated ones, whereas all the turbulent motions (deviations
from the mean) are treated as the unresolved ones, which
should be modeled. Here, it is important to note that
conceptionally the ensemble averaged fields are not nec-
essarily the large-scale fields. The equations for the tur-
bulent motions are replaced by a reduced set of equa-
tions. In order to construct the reduction theory, we
adopt a few quantities that represent the statistical prop-
erties of turbulent motions. The transport coefficients
appearing in the models for the turbulent correlations
such as the turbulent EMF, the Reynolds stress, etc.
are expressed in terms of the turbulent statistical quan-
tities and timescales of turbulence as in Eq. (19). As
for the representative turbulent statistical quantities, we
often adopt one-point turbulent quantities such as the
turbulent (MHD) energy, its dissipation rate, the turbu-
lent kinetic helicity, the turbulent magnetic helicity, the
turbulent cross helicity, etc. These one-point statistical
quantities, which are equivalent to the spectral integrals
of the corresponding turbulent spectral functions, do not
contain any information on scale dependence. Since most
energy are attributed to the largest-scale motions, it is
obvious that the magnitudes of the turbulent statisti-
cal quantities are mainly determined by the largest-scale
motions of turbulence. In this sense, turbulent transport
coefficients appearing in the mean-field equations are in-
troduced on the basis of the largest or energy-containing
motions in turbulence. Practically this is often the case
with the mean-field approach, and this point matches the
finding by Eyink et al. (2011) that a formal introduction
of magnetic diffusivity is possible only for the systems
much larger than the energy injection scale.19 In order to
treat the motions much smaller than the injection scale,
the mean-field approach employing one-point quantities
may be not sufficient, and we have to treat the spectral
information of turbulence in a more elaborated manner.
B. Suitability of the mean-field approach to treat realistic
turbulence
Provided that the turbulence model is appropriate
enough, mean-field approaches are suitable for treating
the large-scale magnetic reconnection with realistic pa-
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rameters. This is because in the mean-field approach we
can easily treat turbulence at huge kinetic and magnetic
Reynolds numbers including the huge Lundquist number.
In the approach, all the turbulent motions are reduced to
a small number of turbulence statistical quantities. The
validity of the mean-field approach highly depends on the
turbulence model we adopt. The model should properly
represent the unresolved motions or reduced information
of turbulence. In particular in the case of turbulent re-
connection, the expressions for the turbulent magnetic
diffusivity is of primary importance. As is well known,
simplest representations such as the mixing-length model
is not good enough.
In the current theory of turbulent reconnection,19 the
eddy diffusivity is estimated with the correlation method
for the Lagrangian fluid particle as
DαβT =
1
2
∫ ∞
−∞
dτ
〈
V α(τ)V β(0)
〉
(43)
(V(t) = dx(t)/dt: Lagrangian fluid particle velocity).
On the basis of Eq. (43), the turbulent or eddy diffusivity
for the Alfve´n wave turbulence is estimated using scaling
arguments. There the nonlinear Alfve´n wave turbulence
timescale is expressed as τ ∼ M−2A ω−1A [MA(= uL/VA):
Alfve´n Mach number, ωA(= VA/Li): forcing-scale Alfve´n
wave frequency].
On the other hand, in the present framework, the tur-
bulent magnetic diffusivity β is estimated based on
β =
∫
dk
∫ t
−∞
dτ1G(k,x; τ, τ1)×
[Quu(k,x; τ, τ1, t) +Qbb(k,x; τ, τ1, t)] , (44)
where Quu, Quu, and G are the kinetic and magnetic
energy spectral functions and the response function of
turbulence. [For the assumptions and approximations in
deriving Eq. (44), the reader is referred to Appendix of
Ref. 33 and references cited therein.] Equation (44) in-
dicates that the turbulent magnetic diffusivity is deter-
mined by the intensity of fluctuations and the timescale
related to how much the past state affects the present
one. If the energy spectra can be treated as independent
of the past history, Eq. (44) just gives β ∼ Kτ ∼ u`
[K(∼ u2): energy, `: mixing length]. This is a simple
mixing-length expression for β. Equation (44) can be
regarded as an elaborated generalization of the mixing-
length model.
Unlike the simple mixing-length model, where the mix-
ing length is prescribed by some typical length scale such
as the density or pressure scale hight, in the present work,
the turbulent magnetic diffusivity [Eq. (19a)] is deter-
mined by solving the transport equations of the turbu-
lence statistical quantities. The equation of turbulent
MHD energy K [Eq. (28)] is solved with Eq. (29), which
contains the turbulence generation mechanism fully re-
lated to the mean-field inhomogeneity such as the mean
electric-current density J and the mean velocity shear
∂Ua/∂xb. Note that if turbulence is homogeneous, we
have no turbulence production mechanisms represented
by Eqs. (29) and (30) at all. In such a situation, we
need external source of turbulence represented by ex-
ternal forcing to generate and sustain turbulence. It
is this situation that most previous turbulence recon-
nection studies had considered.15,16,18,19 We should re-
member that, in the framework of Goldreich & Sridhar
theory,17 on which several turbulent reconnection studies
are based,18,19 it is assumed that the mean magnetic field
is uniform (B = B0) and the mean velocity is completely
absent (U = 0).
Note also that Eq. (44) is derived by an analysis of a
full set of magnetohydrodynamic (MHD) equations (not
only the magnetic induction equation). In order to fully
appreciate Eq. (44), we need information of the Green’s
function. Actually, the Green’s function tensor Gαβ ,
from which G in Eq. (44) arises, obeys the wave-number
space fluctuation equation:
∂Gαβφ (k; τ, τ
′)
∂τ
+ νk2Gαβφ (k; τ, τ
′)
−iZαab(k)
∫
dpdq δ(k− p− q)ψ′a(p; τ)Gbβφ (q; τ, τ ′)
= δαβδ(τ − τ ′) (45)
where φ(= u + b) and ψ(= u−b) are Elsasser variables
and Zαab(k) = kaDαb(k) with the projection operator
Dαβ(k) = δαβ − kαkβ/k2. Equation (45) is the MHD
counterpart of the response-function equation in hydro-
dynamic turbulence.52 At a high Reynolds number, the
third term in the left-hand side of Eq. (45) plays a dom-
inant role. As the spectral integral of the third term
shows, the dynamics of k mode is determined by the spec-
tral interaction with all the other modes p and q. This
suggests that, in order to test the present mean-field ap-
proach in a fundamental manner, we have to evaluate the
Green’s functions of inhomogeneous turbulence with the
aid of the direct numerical simulations (DNSs). This is
a very interesting but challenging problem.
The validation of the mean-field approach can be per-
formed at less fundamental levels. In the present work,
we choose a combination of statistical quantities, such as
the turbulent energy K, its dissipation rate ε, cross helic-
ity W , etc., on the basis of the expressions obtained from
the closure theory of inhomogeneous MHD turbulence.
For example, the turbulent magnetic diffusivity is ex-
pressed as Eq. (44), which is modeled with the turbulent
MHD energy K as Eq. (19a). These statistical quantities
are expected to properly represent the statistical proper-
ties of turbulence. Then we solve the transport equations
for these statistical quantities in addition to the mean-
field equations. Effects of mean-field inhomogeneities are
taken into account through the production and transport
rates in the transport equations.
It is obvious that the expressions [Eq. (19)] for the
transport coefficients in terms of the one-point turbu-
lence quantities should be examined with the aid of the
DNSs. Estimate of the timescales in comparison with
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the Green’s function is important. The expressions of
the Reynolds stress [Eq. (17)] and the turbulent electro-
motive force [Eq. (16)] should be also checked.
C. Potentiality for large-eddy simulations (LESs)
One feature of large-eddy simulations (LESs) lies in
the point that it is suitable for treating unsteady phe-
nomena. In order to examine the unsteady phases of
magnetic reconnection represented by several instabil-
ities, such a feature of LESs must be very favorable.
On the other hand, the mean-field approach with the
Reynolds- or ensemble-averaged turbulence model is suit-
able for treating a steady state without resorting a high
cost of numerical calculations. Models for the unresolved-
or subgrid-scale (SGS) motions are often constructed un-
der the assumption that there is a local equilibrium be-
tween the SGS energy and its transfer rate from larger to
smaller scales. In any case, we have to validate the SGS
model with the aid of the direct numerical simulations
(DNSs). Such validations may include the estimate of
how much SGS energy is generated from the small-scale
reconnection itself, how much SGS energy is cascaded
from larger to smaller scales through the grid-scale (GS)
inhomogeneities, etc.
D. Correspondence to homogeneous turbulence
It is important to consider how our mean-field ap-
proach is related to the previous reconnection models
based on homogeneous turbulence. In one sense, it may
be difficult to make such correspondence since turbulence
generation mechanisms are fairly different between these
two approaches. In homogeneous turbulence approach,
we need some energy sources that are externally driven
by forcing or that is intrinsic to the small-scale turbu-
lence itself. In the inhomogeneous turbulence approach
the source of turbulence energy are provided by cascades
from the mean-field energy through the large-scale in-
homogeneities. In order to investigate how these two
approaches can be related to each other, we need di-
rect numerical simulations (DNSs) in a situation with
mean-field inhomogeneities and check how much energy
is transferred between the mean fields and turbulence.
This immediately suggests that the key is how to for-
mulate the “mean” fields in a practical calculation. The-
oretically, mean can be just formulated as the ensemble
average, but in practical simulations, such formulation
is not so simple. One possible candidate is provided
by a previous work.34 In the work, we considered the
Kolmogorov flow with a uniform magnetic field imposed,
and examined the turbulent electromotive force (EMF)
〈u′ × b′〉 and compared its spatial distribution with the
mean-field model expressions for the EMF. The Kol-
mogorov flow has one inhomogeneous direction whereas
the statistical quantities are homogenous in the other two
directions (horizontal directions). We can formulate the
mean fields by using the horizontal (and some appro-
priate time) averaging. In the context of the magnetic
reconnection, a three-dimensional direct numerical simu-
lation (DNS) with one homogeneous direction may pro-
vide such a situation. In this case, we can formulate the
mean fields by the fields averaged in the homogeneous
direction.
VI. NUMERICAL TEST
Recently a system of mean-field equations with tur-
bulence effect incorporated has been investigated in the
context of the magnetic reconnection.31 In the work, sta-
tionary solutions for the mean-field equations are ana-
lytically derived with the turbulence effects. It is pre-
dicted that the reconnection is confined to a tiny region
due to the dynamic balance between the enhanced mag-
netic diffusivity due to the turbulence energy and the
transport suppression due to the turbulent cross helicity.
These notions should be numerically or experimentally
confirmed. For this purpose, we perform a numerical
simulation of magnetic reconnection with turbulence ef-
fect self-consistently implemented through a turbulence
model.
Here we should remark the following points. This is a
numerical simulation based on a turbulence model. The
results of the simulation inevitably depend on the tur-
bulence model we adopt. In this sense, the simulation
results can not provide any direct test for the reconnec-
tion model. In order to make a direct test, we need direct
numerical simulations (DNSs) of the turbulent magnetic
reconnection. There have been several elaborated DNSs
that contribute to the understanding of the turbulent
reconnection.22–24 However, such DNSs with astrophysi-
cal realistic parameters are impossible in the foreseeable
future. On the contrary, the mean-field or turbulence
model approach provides a powerful tool for investigat-
ing the turbulent magnetic reconnection with the effects
of strongly sheared large-scale fields and fast flow along
the magnetic fields in the realistic physical parameters.
A. Equations to solve
The equations of the mean fields and turbulence nu-
merically to solve in this work are as follows.
∂ρ
∂t
= −∇ · (ρU) , (46)
∂
∂t
(ρU) = −∇ ·
{
ρ
[
(UU−BB) +
(
P +
1
2
B2
)
I
]}
,
(47)
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∂
∂t
{
ρ
[
P
γs − 1 +
1
2
(
U2 + B2
)]}
= −∇ ·
{
ρ
[(
γs
γs − 1P +
1
2
U2
)
U + E×B
]}
, (48)
∂B
∂t
= −∇×E, (49)
E = −U×B + ηJ− τ (CγWΩ− CβKJ) , (50)
∂K
∂t
= −U ·∇K+CβτKJ2−CγτWΩ ·J+B ·∇W − K
τ
,
(51)
∂W
∂t
= −U·∇W+CβτKΩ·J−CγτWΩ2+B·∇K−CWW
τ
,
(52)
where I is the unit tensor, and the dynamic viscosity µ is
neglected. In Eqs. (47), (48), (51) and (52), the Reynolds
stress-related terms and transport rate terms other than
B · ∇W and B · ∇K are dropped. As for the dissipation
rates of K and W , ε and εW , we adopt algebraic expres-
sions for them [Eqs. (40) and (41)] instead of using the
transport equations for ε [Eq. (38)] and εW .
38 As for the
model constants, we adopt
Cβ = Cγ = 0.3, CW = 1.3 (53)
in this work.48 The change of these values does not lead
to a qualitative difference in the numerical results.
B. Set-up
The above set of equations is solved by the two-
dimensional (x-y plane) 4th-order Runge–Kutta and 4th
order central difference scheme. The grid intervals ∆x
and ∆y are fixed to unity and the simulation size is
Lx×Ly = 2048×512. The periodic boundary conditions
are assumed in both x and y directions for simplicity.
As for the initial fields, we assume a pair of Harris
sheets in the x-y plane. The profile of the mean magnetic
field is given as
B = exBx0
[
tanh
(y
δ
)
− tanh
(
y − 0.5Ly
δ
)
− 1
]
+ eyBy0
10∑
m=1
sin
(
2pimx
Lx
)
(54)
with the small magnetic field perturbation in order to
initiate reconnection. Here By0/Bx0 = 1.0 × 10−3 and
δ = 0.02Ly (ex and ey are the unit vectors in the x and
y directions, respectively). The plasma beta outside the
current sheet is set to be βp = 0.5. The initial turbulent
MHD energy is put K = 5.0 × 10−3 homogeneously in
space. The initial mean velocity and the turbulent cross
helicity are set equal to zero (U = 0,W = 0). For details
of set-up for numerical simulation, see the other report.11
C. Results
The detailed results of numerical simulation are re-
ported in another paper, which includes the temporal
evolution of the mean-field structures, the reconnected
magnetic fluxes, the budget of the turbulence transport
equations, and their dependence on the turbulence dis-
sipation rate, etc.11 Basic results are in agreement with
the theoretical predictions.31 The mean-field configura-
tion favorable for the fast reconnection is realized as a
steady state (Fig. 2). Turbulence is self-generated and
sustained by the mean-field configurations, the reconnec-
tion rate is drastically enhanced by turbulence.
As has been referred to in § 1, one interesting point
is that too much high level of fluctuation results in not
fast reconnections but turbulent diffusions of the mean
magnetic fields. In this case, the mean-field configura-
tions favorable for the magnetic reconnection, the oppo-
sitely directed magnetic fields, themselves disappear due
to the high turbulent magnetic diffusivity, and the recon-
nection rate based on the reconnected magnetic fields is
even lower than the slow or laminar reconnection case
(see figures 1-3 of Ref. 11).
Related to this, we should note the following point. In
the present numerical simulations, the dissipation rate of
turbulent energy, ε, is estimated by using an algebraic
model ε = K/τ = K/(Cττ0) with τ0 and Cτ being the
initial timescale of turbulence and model constants, re-
spectively. In other words, the level of turbulence is con-
trolled by the energy dissipation rate through the time-
scale constant Cτ in the present simulations. This is an
artifact since the dissipation rate of the turbulent energy
should be determined by the nonlinear dynamics of tur-
bulence itself. In order to fully treat this dynamics in the
turbulence model simulations, we have to solve the en-
ergy dissipation-rate equation as well as the turbulence
energy equation.38,48 With this reservation in mind, our
numerical results are still suggestive in showing the role
of turbulent magnetic diffusivity in the context of the
mean or large-scale magnetic-field reconnection.
Hereafter we confine ourselves to the results concerning
the dynamic balance between the enhanced magnetic dif-
fusivity due to turbulence and the cross-helicity-related
transport suppression.
FIG. 2. Spatial distribution of the mean electric-current
density Jz.
The spatial distributions of the turbulent MHD en-
ergy K and the turbulent cross helicity W are shown in
Figs. 3-4. Figure 3 shows that the turbulent MHD energy
is spatially distributed in the vicinity of the reconnection
point. As we see from the second term in the r.h.s. of
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Eq. (51), one of the main production mechanisms of tur-
bulence is βJ2. Since the mean electric-current density is
strongest there, the turbulent MHD energy K is largest
in the vicinity of the reconnection point. The most im-
portant point here is that the level of turbulence and its
spatiotemporal distribution are dynamically determined
by the coupling of the mean-field configuration and tur-
bulence. In this sense, this turbulence is self-generated
and sustained by the dynamics of the magnetic reconnec-
tion environment.
FIG. 3. Spatial distribution of the turbulent MHD energy
K = 〈u′2 + b′2〉/2 around the magnetic reconnection region.
Figure 4 shows that the cross helicity is spatially dis-
tributed in a quadrupole manner with respect to the re-
connection point. This result is completely in agreement
with the theoretical prediction.31 Note that we do not
presume any turbulent cross helicity at all in the present
numerical simulation. The cross helicity is spontaneously
generated with the mean velocity by the inhomogeneities
of the mean fields. Its emergence and persistent presence
are just a consequence of the symmetric and antisymmet-
ric property of the mean fields associated with the mag-
netic reconnection. This spatial distribution is mainly
caused by the second term in the r.h.s. of Eq. (52), which
suggests that the sign of the cross-helicity generation is
determined by the sign of Ω · J. The direction of the
mean electric-current density J is the same everywhere
whereas that of the mean vorticity Ω changes depend-
ing on the directions of the mean flow with respect to
the mean magnetic field. This quadrupole distribution
of the turbulent cross helicity must be fairly ubiquitous
around the reconnection point since it arises just from the
symmetric and antisymmetric properties of the magnetic
and velocity fields.
FIG. 4. Spatial distribution of the turbulent cross helicity
W = 〈u′ · b′〉 around the magnetic reconnection.
Figure 5 shows the spatial distributions of the turbu-
lent cross helicity scaled by the turbulent MHD energy:
|W |
K
=
|〈u′ · b′〉|
〈u′2 + b′2〉/2 . (55)
This is one of the most important non-dimensional quan-
tities in the cross-helicity-related dynamos and transport
phenomena. The magnitude of this quantity around the
reconnection point is of O(10−1), which is remarkably
high compared with the other situations. This large value
results from the presence of strong magnetic fields in the
reconnection situation and the global breakage of sym-
metry between the directions parallel and antiparallel to
the mean magnetic field.
FIG. 5. Spatial distribution of the scaled magnitude of
the turbulent cross helicity |W |/K = 2|〈u′ · b′〉|/〈u′2 + b′2〉
around the magnetic reconnection region.
The dynamic balance between the transport enhance-
ment due to turbulent energy and the suppression due to
the turbulent cross helicity is directly expressed by the
residual of these two effects, which is expressed by the
r.h.s. of Eq. (16) with the α-related term dropped:
EM = −βJ + γΩ
= −CβτKJ + CγτWΩ. (56)
Figure 6 shows the spatial distributions of the z com-
ponent of −βJ, γΩ, and −βJ + γΩ. If we compare
the spatial distribution of −βJ with the counterpart of
−βJ+γΩ, the contrast in the latter [Fig. 6(c)] is stronger
than the former [Fig. 6(a)]. This means that, because of
the dynamic balance between the transport enhancement
due to the turbulent energy βJ and the transport sup-
pression due to the turbulent cross helicity γΩ, the effec-
tive magnetic diffusion is localized in a narower region.
This contributes to the fast reconnection.
In order to specify the effects of the cross helicity, we
perform a simulation with the turbulent cross helicity ar-
tificially put equal zero identically (W ≡ 0). Since the
turbulent cross helicity is identically zero everywhere, we
have no distribution of W at all. Figure 7 is for the
comparison between (a) the case with cross helicity evo-
lution and (b) the case with the cross helicity identically
zero. The spatial distribution of the turbulent MHD en-
ergy K with the condition W 6= 0 [Fig. 7(a)] is much
narrower than the counterpart in the case with W = 0
[Fig. 7(b)]. This suggests the cross helicity contributes
to the localization of the large magnetic diffusivity re-
gion. This tendency itself is natural from the evolution
equation of K [Eq. (51)]. The third term in the r.h.s. of
Eq. (51) is a contribution from the turbulent cross helic-
ity. The sign of W is considered to be the same as that
of Ω · J. Then WΩ · J is always positive, and the third
term of Eq. (51) reduces the generation of K. However,
this reduction vanishes in the immediate vicinity of the
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FIG. 6. Spatial distributions of (a) −βJz, (b) γΩz, and (c)
−βJz + γΩz around the magnetic reconnection region.
symmetry point where the cross helicity vanishes. This
contributes to the localization of the turbulent magnetic
diffusivity near the X point as we see from the K profile
in Fig. 7(a). At the same time, due to the strong inho-
mogeneity of W near the reconnection point, the fourth
term B ·∇W reduces the generation of turbulence there.
In the close vicinity of the reconnection point, we have
no mean magnetic field in the direction of ∇W . As this
result, a strong energy production is concentrated in the
close vicinity of the reconnection region in the presence
of the turbulent cross helicity (W 6= 0).
One of the prominent features of the present results
is the realization of the Petschek type reconnection as a
steady state. Localization of β due to the turbulent cross
helicity contributes to the fast reconnection through the
realization of the Petschek reconnection configuration.
This validates the theoretical prediction on the cross-
helicity effect in magnetic reconnection.31
VII. CROSS HELICITY AND ITS EFFECTS
In the present work, in addition to the enhanced mag-
netic diffusivity due to the turbulent MHD energy, the
transport suppression due to the turbulent cross helic-
ity is considered to play a key role in enhancing the re-
connection rate of the mean magnetic field. The cross
helicity itself does not enhance the magnetic diffusivity,
but works for suppressing the effective transport. It is
this property of the cross helicity that works for the lo-
calization of the turbulent magnetic diffusivity, leading
to enhancement of the magnetic reconnection. In this
sense, properties of the cross helicity and its effects are
FIG. 7. Spatial distributions of the turbulent cross helic-
ity (above) and the turbulent MHD energy (below) around
the magnetic reconnection region (a) with the turbulent cross
helicity evolution (W 6= 0) and (b) with the turbulent cross
helicity artificially put equal to zero (W ≡ 0).
very important. Here we give some notes on the turbu-
lent cross-helicity generation and the cross effect in trans-
port suppression. For further discussions, the reader is
referred to Refs. 31, 33, and 38.
A. Turbulent cross-helicity generation
Asymmetry of the Alfve´n waves propagating in the op-
posite directions along the mean magnetic field is one of
the main physical sources for the cross-helicity genera-
tion. However, if we consider the cross helicity in the
context of turbulence, we see that the cross helicity con-
tains some aspects other than the asymmetry of Alfve´n-
wave propagation. This point can be easily understood
by looking at the transport equation for the turbulent
cross helicity [Eq. (28)]. Among the several terms which
is related to the turbulent cross helicity generation, the
first term in Eq. (30c) corresponds to the asymmetry of
the Alfve´n waves. On the other hand, the production
terms in Eq. (30a) represent how much cross helicity is
cascaded from the mean-field cross helicity. Note that we
have exactly the same terms but with the opposite signs
in the transport equation for the mean-field cross helic-
ity U ·B. This means that through the mean-field inho-
mogeneity, the turbulent cross helicity is transferred be-
tween the large and small scales. For detailed discussions
on the cross-helicity generation mechanisms, see Sec. 5 of
Ref. 33.
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B. Cross-helicity effects in transport suppression
The effects of turbulent cross helicity on the transport
suppression are twofold. The first one is counterbalanc-
ing the turbulent magnetic diffusivity and viscosity with
the cross-helicity-related terms. In the mean magnetic in-
duction equation, the turbulent cross helicity represents
the transport coefficient γ coupled with the mean vor-
ticity (antisymmetric part of the mean velocity shear),
γΩ. In the mean momentum equation, the cross helicity
represents the transport coefficient νM coupled with the
mean magnetic-field strain (symmetric part of the mean
magnetic shear), νMM. This suppression effect (in the
turbulent EMF) has shown in Fig. 6. At first glance, the
localization due to the turbulent cross helicity seem to
be not so great if we see Fig. 6(a) for −βJ and Fig. 6(c)
for −βJ + γΩ. However, there is a notable difference be-
tween these two. Due to the spatial distributions of the
turbulent cross helicity (γ) and the mean vorticity Ω,
the transport suppression effect is eminent in the region
surrounding the central region. As this consequence, the
shapes of Fig. 6(c) is fairly different in the surrounding
region from the counterpart of Fig. 6(a). Transport sup-
pression there might have more important meanings if
we adopt a more elaborated turbulence model including
the density-fluctuation effects. In the surrounding region,
the shock–turbulence interaction plays an important role.
There the large gradient of the mean density associated
with the shocks produces a high level of turbulence. So,
the transport suppression in the surrounding region is ex-
pected to work well in the localization of transport, which
contributes to a fast reconnection. The examination of
the transport suppression in the shock–turbulence inter-
action region is a very interesting subject in the future
study.
The other effect of cross helicity is related to the local-
ization of the turbulent magnetic diffusivity through the
localized production of the turbulent MHD energy. As
has been already discussed in relation to Fig. 7 in § VI.C,
the turbulent cross helicity has effects on the spatiotem-
poral evolution of the turbulent MHD energy. These ef-
fects are represented by the third and fourth terms on
the r.h.s. of Eq. (51), −CγτWΩ ·J and B · ∇W . Among
them, −CγτWΩ · J is the cascade-related effect. The
other, B · ∇W , the cross-helicity inhomogeneity along
the mean magnetic field, is related to the Alfve´n waves.
The gradient of the turbulent cross helicity suggests the
inhomogeneity of the Alfve´n-wave propagations. We con-
sider a domain with Alfve´nic fluctuations. If the number
of outward propagating Alfve´n-wave packets exceeds the
counterpart of the inward propagating ones, the turbu-
lent energy represented by the Alfve´nic fluctuations will
decrease. In this way, the inhomogeneity of the turbu-
lent cross helicity coupled with the mean magnetic field
influences the turbulent MHD energy evolution. At the
very point of the reconnection, we do not have this ef-
fect due to the absence of the mean magnetic field there.
But in the region surrounding the reconnection, we have
the inhomogeneity of the turbulent cross helicity, then
also have the turbulent energy reduction, leading to the
localization of the turbulent magnetic diffusivity.
VIII. CONCLUDING REMARKS
In this work, turbulence effects in the magnetic recon-
nection environment were explored. Effects of turbulence
are incorporated into the mean-field equations through
the turbulence correlations such as the Reynolds stress
and the turbulent electromotive force. Turbulent trans-
port coefficients appearing in the expressions for the tur-
bulence correlations are expressed in terms of turbulence
quantities, and the evolution equations of these turbu-
lence quantities are also considered simultaneously.
With the aid of this self-consistent turbulence model,
the turbulence effects in the magnetic reconnection were
analyzed. In this work, the turbulence is self-generated
through the mean-field inhomogeneities and the level and
spatiotemporal distribution of turbulence are determined
by the dynamics of the mean-field configuration and tur-
bulence itself. Another important aspect in the present
work is that the property of magnetic reconnection is
determined by the dynamic balance between the trans-
port enhancement due to the turbulent energy and the
suppression due to the turbulent cross helicity. The ba-
sic role of the turbulent cross helicity is suppressing the
enhancement of turbulent transport. Because of this
suppression effect, it contributes to confining the region
of turbulent magnetic diffusion within a narrow region,
leading to the fast reconnection. This is quite different
than the current turbulent reconnection model where tur-
bulence leads to a very broad sheet.18 This difference is
attributed to the implementation of the mean-field inho-
mogeneity in the present work. Without the turbulence
(energy, cross helicity, etc.) generation due to the mean-
field inhomogeneity, it would be very difficult to realize
a localization of the reconnection region. The present
numerical simulation supports this scenario of transport
enhancement and suppression at the mean-field level.
To summarize, the present results suggest:
- Turbulence (turbulent energy and turbulent cross
helicity) is self-generated and sustained by the in-
homogeneity of the mean fields.
- Just reflecting the symmetry of the mean-field con-
figurations, the turbulent cross helicity is spatially
distributed in a quadrupole-like manner around the
reconnection point.
- Turbulent magnetic diffusivity is balanced by the
cross helicity effect which is acting for the field gen-
eration or transport suppression.
- Since the turbulent cross helicity vanishes at the
symmetric point, the effect of the turbulent mag-
netic diffusivity is dominant only in the vicinity of
such symmetric point, i.e., reconnection point.
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- The turbulent cross helicity contributes to the con-
finement of the turbulent magnetic diffusion, lead-
ing to the fast reconnection.
- If effects of turbulence are incorporated properly
(in a self-consistent manner with considering bal-
ance between turbulent transport enhancement and
suppression), even in the framework of the one-
fluid MHD, a fast reconnection can be realized as
a steady state at the mean-field level.
The numerical simulation adopted in this work is based
on a turbulence model. Further numerical tests for this
notion of dynamic balance in magnetic reconnection with
direct numerical simulations (DNSs) would be a very in-
teresting subject to investigate. In such tests with DNSs,
how to generate and sustain turbulence may be a key
issue. In the present work, turbulence is self-generated
and -sustained by the inhomogeneities of the mean fields.
This point is in strong contrast to the previous numeri-
cal simulation work with fully-developed turbulence.21–24
At the same time, further validation of the theoreti-
cal expressions for the turbulent electromotive force EM
[Eq. (16)] and the Reynolds stress R [Eq. (17)] by DNSs
is required.
In the numerical simulation in this work, we perform
a two-dimensional calculation for the sake of simplicity.
This is the main reason why we dropped the helicity-
related effect (α and Γ) in the model equation. However,
this does not deny the importance of the kinetic, cur-
rent, and magnetic helicities in general situations. Actu-
ally in the three-dimensional reconnection situations, we
have non-zero helicities in the mean-field configuration,
then naturally have non-zero helicities also in turbulence,
which may participate in the dynamic balance of turbu-
lent transport. In such situations, we have to take helici-
ties other than the cross helicity into account. This gives
very interesting subjects to survey.
The spatial distributions of the pseudoscalar turbu-
lence quantities, in the present case the quadrupole dis-
tribution of the turbulent cross helicity, reflect just the
symmetric and antisymmetric properties of the mean-
field configurations in the magnetic reconnection envi-
ronment. In this sense, such spatial distributions must
be very ubiquitous around the reconnection point. It is
still very difficult to simultaneously measure three com-
ponents of both magnetic field and velocity in remote ob-
servations. However, in in-situ observations with probes,
such simultaneous measurement can be performed much
easier. It is hard to expect that a satellite observation
is operated at the very point of the magnetic reconnec-
tion in the magnetosphere. But, if a spacecraft passes
nearby the point of reconnection, the turbulent cross he-
licity (correlation between the velocity and magnetic-field
fluctuations) should be observed to change its sign due to
the quadrupole spatial distribution of the turbulent cross
helicity. The experimental and/or satellite observational
measurements of the cross helicity around the reconnec-
tion point would be very interesting subjects. Since the
sign of cross helicity should change across the neutral
or symmetric plane, even the detection of the sign itself
would give very interesting information.
Another interesting point is related to external sources
of the cross correlation between the velocity and
magnetic-field fluctuations. As we have seen, the pres-
ence of turbulent cross helicity leads to the change in
the transport property of turbulence. In the present
work, the turbulent cross helicity, as well as the turbu-
lent energy, is generated and sustained by the nonlinear
dynamics of the mean-field configurations with turbu-
lence itself. However, in some situations, we may have
other “external” sources that provide the cross helicity
in turbulence; asymmetry of the Alfve´n-wave propaga-
tion, neutral beam injection (NBI) with shear in fusion
devices, polarization current etc. There may be some be-
yond the description of usual MHD. The cross helicity in
turbulence is expected to contribute to the dynamic bal-
ance in turbulent transport, no matter what may be the
source of the cross helicity. In this sense, the cases with
external cross-helicity sources would provide interesting
subjects to explore.
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